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A  Solution  to  the  Frequency-Independent  Antenna  Problem* 


15.  R.-S.  CIJEOf,  member,  iRt,  V.  K.  RUMSF.Yi.  rru.mv.  irf,  and  \V.  J.  WELCH L  member.  irk 


Summary— ,\  solution  of  Maxwell’*  equations  is  obtained  for  an 
antenna  consisting  of  an  infinite  ntunber  of  equally  spaced  wires  in 
the  form  of  coplanar  equiangular  spirals.  Radiation  amplitude  pat* 
terns  obtained  from  this  solution  agree  closely  with  measurements 
on  two-element  spiral  antennas.  The  phase  pattern  shows  the  approx¬ 
imate  validity  of  a  phase  center  at  a  distance  behind  the  antenna 
which  decreases  with  the  tightness  of  the  spiral.  The  current  distribu¬ 
tion  clearly  shows  increased  attenuation  with  increase  in  the  tight¬ 
ness  of  the  spiral,  thus  showing  how  the  frequency-independent 
mode  depends  on  the  curvature.  A  remarkable  feature  of  the  solution 
is  that  the  current  consists  of  an  inward  traveling  wave  at  infinity 
when  the  antenna  is  excited  in  ».at  sente  which  produces  an  out¬ 
ward  wave  at  the  center. 


I.  Introduction 


IT  has  been  found  in  recent  years  that  there  is  a  large 
class  of  antennas  which  arc  independent  of  fre¬ 
quency  in  essentially  all  their  characteristics  such 
as  impedance,  pattern,  polarization  and  so  on.1-’  The 
equiangular  spiral  antenna  is  one  of  the  basic  types: 
that  illustrated  in  Fig.  1  consists  of  two  conductors  cut 
out  of  a  plane  metal  sheet.  Let  us  consider  how  this  an¬ 
tenna  scales  with  the  wavelength.  The  shape  of  the  an¬ 
tenna  is  given  by  the  formula  (in  polar  coordinates  r 
and 


r  “  «"*♦  (a  is  a  constant). 
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This  shows  that  a  change  of  wavelength  X  is  equivalent 
to  turning  the  antenna  through  the  angle  <fi„,  except  tor 
the  scaling  of  the  radius  rn  shown  in  Fig.  I.  Now  the  re¬ 
markable  property  of  these  antennas  is  that,  so  long  as 
the  wavelength  is  shorter  than  about  2r„,  the  perform¬ 
ance  is  indc|)cndcut  of  frequency,  except  for  the  rota¬ 
tion  descrilted  in  (2)  and  (3),  and  therefore  it  is  the 
same  as  if  r„  were  infinite.  Evidently  this  means  that  the 
current  distribution  must  decrease  with  distance  from 
the  input  much  more  rapidly  than  it  does  for  conven¬ 
tional  antennas. 
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To  bring  out  this  point  let  us  compare  it  with  the  la¬ 
conical  antenna,  shown  in  Fig.  2.  The  held,  represented 
by  the  vectors  E  and  //.  decreases  as  I  r  for  large  values 
of  r,  and  therefore  the  surface  current  J  (which  equals 
tangential  //)  also  decreases  as  1  r.  The  total  current 
I  is  Irrr  sin  aj,  where  a  is  the  angle  of  the  cone  shown  in 
Fig.  2.  Thus  /  remains  constant  with  increasing  r.  The 
l>cculiarity  of  frequency-independent  antennas  is  then 
that  the  field  at  the  surface  of  the  antenna  must  decrease 
more  rapidly  than  I  V,  or  alternatively,  the  total  cur¬ 
rent  must  decrease  fast  enough,  so  that  the  infinite  an¬ 
tenna  can  be  truncated  with  practically  no  effect  on  the 
radiation  pattern. 

The  theoretical  problem  posed  by  the  equiangular 
spiral  antenna  is  to  solve  Maxwell's  equations  subject 
to  the  vanishing  of  tangential  E  on  the  metal  surface, 
the  radiation  condition  at  infinity  and  the  input  condi¬ 
tion  at  r  =  0.  Foi  Lite  « .vo-eiement  antenna  of  Fig.  1, 
this  has  so  far  proved  intractable  even  for  the  infinite 
case.4  We  arc  therefore  driven  to  consider  some  simpler 
problem  which,  while  retaining  the  frequency-inde¬ 
pendent  feature,  is  amenable  to  theoretical  solution.  The 
problem  we  shall  consider  in  this  paper  is  such  a  simplifi¬ 
cation.  It  ran  be  described  by  taking  an  antenna  with 
many  elements,  as  in  Fig.  3,  the  space  between  the  elc- 
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mints  being  tin-  same  as  till-  space  occupied  hv  an  «•!■• 
nielli ,  so  lli.it  the  antenna  is  “se!f-romt>lement.ii  y  "  in 
(lie  sense  of  Runisey.1  We  now  suppose  that  the  nmnU-r 
of  elements  is  infinite,  so  that  the  antenna  takes  the 
form  of  a  smooth  anisotropic  sheet  which  is  perfectly 
conducting  in  the  direction  of  the  spiral  lines  and  per¬ 
fectly  transparent  in  the  perpendicular  direction. 

This  is  the  kind  of  problem  which  can  be  solved5  by 
putting  E  -fall  on  one  side  of  the  antenna  and  E  =  —fall 
on  the  other  side,  where  E  and  II  are  complex  vectors 
defined  according  to  the  e*"1  time  convention,  and  rj  is 
the  intrinsic  impedance  of  space.  The  boundary  condi¬ 
tions  at  the  surface  are  that  tangential  E  be  continuous, 
tangential  II  be  discontinuous  by  the  amount  of  the  sur¬ 
face-current  density,  E  parallel  to  the  spirals  be  zero, 
and  II  parallel  to  the  spirals  be  continuous.  All  of  these 
conditions  are  met  if  we  make  E  parallel  to  the  wires 
vanish  and  tangential  E  continuous,  with  E  -fall  above 
the  surface,  and  E  =  —fall  below  the  surface. 

The  source  of  fields  on  this  antenna  is  located  at  its 
center.  Recognizing  that  the  structure  is  essentially  uni¬ 
form  in  azimuth,  we  assume  that  the  fields  of  the  an¬ 
tenna  will  have  the  same  dependence  on  the  coordinate 
0  as  the  source.  Thus,  we  shall  take  the  0  variation  of 
the  field  to  be  everywhere  e'n+,  whore  n  is  an  integer. 
Thin  corresponds  to  the  excitation  arrangement  shown 
in  Fig.  .1,  In  which  each  generator  has  the  same  magni¬ 
tude  ns  its  neighbor  and  differs  infinitesimally  from  its 
neighbor  in  phase.  The  case  n  - 1  corresponds  approxi¬ 
mately  to  the  excitation  of  the  balanced  two-arm  an¬ 
tenna,  shown  in  Fig.  I. 

II,  Formal  Sot.rrioN 

Supfiose  that  the  antennn  lies  in  the  plane  s  — 0  of  the 
cylindrical  coordinate  system  of  Fig.  4.  Let  /•.,  -fa/ ft 
for  *>()  and  Ei  =-  —fallt  for  s<0.  Then  we  have1 


/•:.  -  -  tv  x  («r,)  +  r  x  r  x  ii/  ,1, 
/■:,  -  dr  x  (if,)  +  r  x  r  x  <ir,>. 
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We  can  express  a  general  solution  of  (6;  which  varies  as 
ci«*  by  using  the  llankel  transform  formula: 


U  i  =  e"* 


rw. 
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Ci  =  f,m*  f  jfs(X)/B(Xp)et"'/*T:^X(/X, 
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in  which  jfi(X)  and  g2(X)  are  arbitrary  functions.  The 
Bessel  function  of  the  first  kind,  namely  Jn,  has  been 
chosen  in  order  that  the  field  be  regular  at  p  —  0  for 
:t*0.  In  order  that  the  fields  radiate  away  from  the 
structure,  the  negative  sign  must  be  taken  in  the  ex¬ 
ponential  factor  in  the  integrand  of  (7),  and  the  positive 
sign  in  the  integrand  of  (8).  Then  the  continuity  of 
tangential  electric  field  at  i:  =  0  is  satisfied  if  we  put  gi(X) 
=  *2(X)  =g(X),  as  ran  be  verified  by  direct  substitution 
into  (4)  and  (5).  Then, 


Vi  =  fin*  (  *(X)/,,(Xp)c-f‘V-*,x(/x) 

VO 

r,  »  e'H*  f  «(X)./H(Xp)r+/-^Xf/X. 

VO 
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The  remaining  condition,  Erl=  0,  /  being  tangential  to 
the  spiral  wires,  will  determine  g(X).  From  (1)  we  find 
Et  •  1  -  0  implies  that 


•iE  i*  —  /'-t*. 


(ID 


Snlistitution  into  this  equation  from  (4)  leads  to  the  fol¬ 
lowing  expression  for  the  Immidary  condition: 


»r  •- *  *r') 
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Ih.-n,  siihsiiiutiuK  ft)  into  (12),  we  find 

f"  1  .  X7,(Xp) 

I  £f,\>  ji jnnri  +  "\  d’  —  A!)  - 

T  f./'iy  d”  -X’  4-  d)X\/,’(Xp)j-  r/X  «•  0.  (1.4) 

Then  term  containing  the  derivative  of  the  Bessel  funr* 
lion  in. tv  be  integrated  by  parts,  so  that  (1.1)  Iteromes 
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Suppose  that  £(X) \ja  V’j +fi] XV.i'Xpi  vanishes 

lor  X  equal  to  zero  or  infinity.  Then  the  boundary  terms 
in  (14)  may  be  discarded.  (We  shall  see  later  that  thi« 
assumption  is  justified.)  Applying  the  inverse  Hankel 
transform  to  (14)  with  the  boundary  terms  set  equal  to 
zero  yields  an  ordinary  differential  equation  for  f(X): 

03X  +  yxavd^xVvX) 

r  •  _  faX*  "I 

+  &(z—jna)  —  (»— 2/«) V0*~X*—  ^^j~-j=JK(X)  —  0.  (la) 

For  convenience  let  \=y/3  and  g(y@)  =/(v ).  In  terms  of 
/(y)  the  solution  to  (15)  is 

/I  -  VI  -  vV'1 

«(X)  -  g(yfi)  -  f(y)  -  * 

•y-‘(l  +ajy/ 1  -  /)-«-»<-'•).  (16) 
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In  this  section  we  shall  evaluate  the  integral  for  sev¬ 
eral  limiting  cases  to  find  the  Itehavior  of  the  field  near 
the  input  terminals,  the  radiation  pattern,  and  the  l>c- 
havior  of  the  antenna  current  at  large  distances  from 
the  input  terminals. 

.1.  The  Field  Xcar  the  Input  Terminals 

The  requirement  that  the  behavior  of  the  field  ap¬ 
proach  the  static  field  distribution  near  the  input  termi¬ 
nals  was  never  actually  employed  in  the  derivation  of 
Lite  pic-ceding  section,  and  it  must  be  vuified  that  this 
condition  is  in  fact  satisfied  by  (17)  and  (18).  Let  us 
consider  the  behavior  of  the  el*  :tric  field  as  0r— >0.  Ac¬ 
cording  to  (4)  and  (6), 

/•  i  =  —  ^  X  (iL\)  +  V  X  V  X  («Ft) 

IdUx\ 

-  -  0V  x  (£U ,)  +  v  ( — j  +  fPiUu  (19) 


Notice  that  f(y)  is  independent  of  0,  exhibiting  the  fre¬ 
quency-independent  nature  of  the  solution  explicitly. 

For  n  >0,  the  behavior  of  f(y)  is  such  that  the  integral 
(9)  exists,  and  the  assumption  that  the  boundary  terms 
in  (14)  vanish  is  valid.  For  n  <0,  f(y)  becomes  infinite 
at  y-0  or  X-0  and  (9)  diverges.  It  turns  out  that  we 
can  obtain  a  solution  for  n<0  only  if  we  begin  with  the 
assumption  that  Fx  ■>  ~jr)H\  and  F.x  =jr\IIx.  There  ap¬ 
pears  to  be  a  simple  explanation  for  this.  With  the  radia¬ 
tion  condition  fixed,  the  choice  of  the  plus  or  minus  sign 
in  the  equation  F  =*  ±jr)II  determines  the  sense  of 
polarization  cf  the  far  field.  At  the  same  time,  the  sign 
of  n  specifics  the  polarization  sense  of  the  source.  The 
interpretation  of  the  situation  described  above  is  that 
the  field  must  have  the  same  sense  of  |>olnrizntion  as  the 
source. 

The  complete  expressions  for  /  ,  are  Making  »>0> 


In  the  limit  as  0r— *0,  the  second  term  of  (19)  dom¬ 
inates. 

lim/i, -r( - -}.  (20) 


This  implies  that  us  0r-*O,  OU/ds  must  approach  the 
static  potential  distribution,  which  is 


F  =  r«(-/.)c/»s/>/(./a*( cosfl)  =  (re““*)'(",o)7>/(„/a"(cos  9)  (21) 


The  function  F  satisfies  Laplace’s  equation  and  is  con¬ 
stant  along  the  wires:  it  is  the  standard  form  r'W’fcos 
9)rin*  with  m  —j(n/a). 

From  (17)  we  find  that 


d”  J II  V 1  f  v  I  ~  V*/ 
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or,  for  n  <0, 


•/1-Vl-vV'3  1 1  -/f/v'l  -y-t 
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l  +  vi  ~.vV 
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where  k  is  a  constant  whirh  is  to  be  adjusted  according 
to  the  sourre  stiength.  Notice  that  the  integrand  con¬ 
tains  a  branch  point  at  y*»  +t  in  the  complex  y  plane. 
The  branch  cut  must  Ik*  taken  in  the  fourth  quadrant, 
and  the  path  of  integration  must  pass  over  the  branch 
{mint  in  order  that  (1  — .v1)1'*-*— j(y,  —  l),f*  for  v>t. 
This  completes  the  formal  solution  to  the  boundary- 
value  problem. 


•  (  —  /v  1  v>  »v  1  f'  <•*»  sin  0)dy,  (22) 

where  we  have  put  z  =  r  cos  0  and  p~r  sin  0.  For  small 
values  of  0r,  the  Ressel  function  is  small  except  where  y 
is  verv  large,  because  /„( x)—*x*  as  ,V  -*0.  Since  the  other 
part  of  the  integrand  is  well  behaved  in  the  neighbor¬ 
hood  of  y=0,  the  entire  integrand  contributes  very 
little,  except  where  y  is  large,  in  this  limit.  Therefore,  it 
is  reasonable  to  approximate  the  part  of  the  integrand 
other  than  the  Ressel  function  by  its  liehavior  for  large 
v  and  consider  the  resulting  integral.  Hence, 

dir.  /••• 
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Apart  from  the  constant  multiplier,  this  agrees  pre- 
risflv  with  {1\). 

i'lirtherinnre,  (23)  shows  that  the  magnitude  of  the 
current  (lowing  into  a  sector  of  the  anten;  a  from  the 
source  is  constant.  Thus,  if  /.  is  the  current  fter  unit 
angle  at  the  input.  U=pJ,  where  J  is  the  surface  cur¬ 
rent  density,  and 

J  =  2(11  p  +  «//♦)/(  1  +  a5)1'1  -  (2/«)(»  + 

According  to  (19)  and  (23), 

//,|r/»  *  *  ~e'"*(/Sp)',*,a7,>,.  .."(«). 


h'wim;  approximation  for  (J-T  for  large  r  : 
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(26) 


This  integral  contains  two  terms  of  the  following 
form:  an  exponential  phase  term  with  a  large  factor  r, 
multiplied  by  a  relatively  slowly-varying  function  of 
the  variable  of  integration.  According  to  the  principle 
of  stationary  phase,  the  main  contribution  to  this  inte¬ 
gral  comes  from  the  neighborhood  of  the  stationary 
points  of  the  phase  function.  In  general, T 


and  p  times  this  quantity  has  a  constant  magnitude. 


B.  Radiation  Patterns 

In  order  to  investigate  the  radiation  projicrties  of  the 
antenna,  wc  need  only  consider  the  asymptotic  behavior 
of  the  field  at  large  distances  from  the  structure.  Wc 
shall  see  that  the  method  of  stationary  phase  readily 
lends  itself  to  the  asymptotic  evaluation  of  (17)  for 
large  values  of  both  p  and  e.  However,  before  the  inte¬ 
gral  ran  be  approximated,  the  differentiations  indicated 
in  (S)  for  the  electric  field  must  first  be  performed.  Of 
interest  nrc  the  components  of  the  electric  field  with 
respect  to  the  spherical  coordinate  system  (f ,  0,  d>)  of  big. 
4.  I  localise  the  distant  field  is  circularly  polarized,11  we 
need  only  work  out  Et,  a  romfionent  which  is  common 
to  both  the  cylindrical  and  spherical  systems.  I  'sing  (4i, 
we  find 

p*  (  Jjflvp) 

/■:,  »  /MV'"*  |  /tv)  ! fin v i  -  v- 

t  p 


+  d‘y 


/»  iMpv)  -  Jjfipv i 

fipv 


•"Mv.  (Hi 


where  p  ~r  sin  0  anil  s-r  cos  f>.  I'xcept  ui  »  ~<i.  both  p 
and  e  are  large  when  r  is  large.  With  p  large,  the  leading 
term  in  the  integrand  of  (24)  is  the  term  coni. lining  the 
factor  J„  i (tipy).  Kurthermnre,  the  lle«sel  luni  tiou  m.n 
be  replaced  b\‘  its  asymptotic  value  lor  large  argument.' 

lim  JJx) 


/*»  T  2r  y* 

g(t)e’'“"dt~  -r— -r  g(r  (27) 

J*  Lx|/r(r)|J 

where  .v  is  the  large  parameter,  h’(r)  =0,  and  the  plus  or 
minus  sign  is  to  Ite  taken  according  to  whether  the  sta¬ 
tionary  point  is  a  minimum  or  maximum.  Only  the  sec¬ 
ond  of  the  two  terms  in  (26)  has  a  real  stationary'  point, 
and  its  value  isy  =  sin  6.  Applying  formula  (27),  we  find 

r  !*' 

/•:*  «  /MV'"*  cos  0/(sin  0) - c>* <"»>.  (28) 


I'urthermore,  from  (16), 


/(sin  »)  = 


(1  4-  aj  cos  0) ^tnn 


sin2  e 

Kin. ill v,  the  far-zone  electric  field  is 


(29) 


ms  fl(  1  4-  Iij  COS  0)  1  C" 


/  ,,,  •  k,r 


,  /  oy 
( tan  -J 


K- 1 

r 


sin2  0 

n  >  0, 


(30) 


li  «e  express  the  field  in  terms  of  magnitude  and 
phase 

ft  I* 

/•:„  «  ,l(fl)r  . . .  (31) 

r 


we  have 


1  2  If' 4.  r  '1 

r  m* 

1  •'( 

/  0\ 

\\A .  2 

1 

(25) 

i  os  fi  ( tan  J 

I  ’sing  this  in  the  integrand  of  (2  li  causes  only  a  second- 
order  error  even  in  the  neigl.lsirhood  of  v-  0,  liecatise 
My)  tends  to  zero  as  y*"1  and  therefore  the  integrand 
tends  to  zero  as  v5'  '.  I 'sing  these  ajiproximations  and 
substituting  r  for  p  sin  #  ami  :  cos  0,  we  obtain  the  fol- 


,1(0)  » 


sin  I  f-  i iJ  cos'  ft 


and 


$(Q)  "■  ■  In  |  I  +  u5  cos5  ft  |  +  inn  1  a  cos  fl, 

2>i 


(32) 
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| 'or  c  excitation  .1(9)  is  the  same  but  the  sun  of  $  (9) 
is  reversed.  The  pattern  A  (6)  is  plotted  in  Fitts.  5  and  6 
for  various  values  of  >i  and  ti.  As  is  typical  with  Ire- 
<|Henry-in(icpciideiit  antennas,  there  is  no  radiation 
along  the  surface  of  the  structure.  The  patterns  pre¬ 
dicted  by  (33)  agree  remarkably  well  with  measure¬ 
ments  made  by  Dyson1  on  two-arm  spiral  antennas. 
According  to  (32),  making  a  small  decreases  the  beam- 
width,  but  only  up  to  a  point.  For  the  case  »  =  1.  the 
minimum  beamwidth  attainable  is  approximately  70*. 

Before  leaving  the  discussion  of  the  radiation  field, 
we  shall  consider  the  question  of  whether  the  antenna 
has  a  phase  center.  The  total  phase  of  the  far  field,  apart 
from  the  <t>  dependence  and  some  constants,  is  given  by 

fir  +  W).  (34) 


C.  I Current  Distribution 

As  we  «-<w  in  Section  !.  tin-  i  uncut  distribution  is 
one  of  the  |>ectiliar  features  ol  frequency -indc|>cudent 
antennas,  in  the  present  case,  it  is  obtainable  from  the 
field  at  the  plane  s  =  0.  Since  E  is  proportional  to  7/  and 
is  |»roportional  to  E,  at  2  =  0.  the  surface-current 
density  is  proportional  to  E,.  The  current  density  per 
unit  oi  angle  ^corresponds  to  the  total  antenna  current 
/;  it  varies  as  p/i*.  I'nfortunatelv  it  has  not  been  possi¬ 
ble  to  work  out  the  current  for  all  values  of  p.  How¬ 
ever.  fairly  simple  expressions  have  been  obtained  for 
small  values  of  p  and  alternatively  for  large  values  of  p. 
For  small  values  of  p  we  have  already  found  that 

/  jw  fin <++(!/•)  In#l^ 


Because  of  the  complicated  form  of  (33),  (34)  does  not. 
in  general,  describe  a  circular  phase  front.  I  iowever.  when 
a  is  small,  rf/(9)**a  cos  9.  In  this  case,  the  phase  fronts 
are  approximately  circular,  and,  according  to  the  dia¬ 
gram  of  Fig.  7,  the  antenna  has  a  phase  center  located 
a/ hr  wavelengths  behind  its  center. 


which  has  constant  amplitude  and  rapidly  varying 
phase  as  a  function  of  p.  Note  however  that  the  phase 
is  constant  if  we  move  along  a  spiral  as  it  ought  to  be  for 
the  steady-current  rase. 

Turning  now  to  the  case  where  p  is  large,  according  to 
(4)  and  (<>)  and  (16),  we  find  that 


r*  r  _  J„(fiyp ) 

/  *  /■;*  =  wv*  J  f(y)  l^iy/i  -  r  - 

+  0y/„'(/Jyp)J  ydy.  (35) 

l'|  on  integrating  (35)  by  parts  and  substituting  for 
f(y)  front  (16),  we  obtain,  with  «>(), 


/  *  r"‘* 


rr  - vl  --T  (»  +  ■■  1  ) 

J,  Vl  +  v'l  -  vV  V  v'l  -  vv 


f 


■  ( i  +  "7 v'l  —  v*)  ■  i,n",'J„(fipy)y<ly.  (36) 


|,u  n  < •  o  the  correct  formula  is  the  conjugate  of  (36), 
not  the  result  of  reversing  the  sign  of  n  sec  (18).  We 
express  the  integral  as  the  sum  of  two  integrals  over  the 
intervals  ft).  1)  and  (1.  »),  and  treat  the  two  parts 
separately.  Consider  first  the  integration  over  (0,  1): 


7.  '  f  (  Vl  '  )  (»/  +  *  -  -) 

Vl  +  V'l  -  v-7  V  v'l  -  yV 

•fl  +  <i/V  1  -  y’)-'-',’,',JJfipy)y<fy.  (37) 

The  singularity  at  v=1  makes  the  major  « ontrilnition 
to  the  integral.  This  is  especially  true  for  large  fip,  in 
which  case  the  Bessel  function  oscillates  very  rapidly  as 
a  function  of  y  and  cancels  all  contributions  to  the  in¬ 
tegral,  except  from  those  regions  where  the  rest  of  the 
integrand  is  also  a  rapidly  varying  function  of  y.  We  will 
expand  the  integrand,  excepting  the  Bessel  function,  in 
ascending  |mwers  of  (1—  y’>  •'*.  beginning  with 
1/(1  — v*) ami  integrate  term  by  term.  Fach  term  in 


.Viirrw/'iT 
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the  faulting  series  will  have  successively  less  importance  asymptotic  expansion  in  Jp  up  n.  'enus  which  behave  as 
for  large  dp  because  of  the  relative  smoothness  of  the  -tic-  O-dp-  \  1  he  ifM  t* 
i essive  pm. "rs  of  [(1  "'«•  rewrite  (37)  slichtlv 

and  then  perform  the  expansion  :ccording  to  Marlaur- 
in’s  formula: 


rr  ./.tJpyti/y 
I —  jbn  I  - -■  — 

J,  vr-i.r1 


.(1  -j-  a j V/T  =  y3) -*-/<»/•)  |  y"+'J ,(8py)dy 
=  S  «»(V'l  -  y2)my'^Jn(8py)<ly.  f.?8) 

•/0  w— l 


-  A  | 


7.0WI  _+  m 

"7r+7*r*'*" 


(43) 


where  v  —  fl  This  may  be  evaluated  by  means  of 

Sonine’s  second  formula.* 


/: 


J.iavT  +  z-)t-'+'dt  2-rfp  +  1) 


(/-  +  s1)"1 


7_,,_i(az).  (44) 


Each  term  in  the  series  may  be  integrated  by  means  of  j^.t  s_  j(  @p=a,  and  /ti=  —  (})•  Then,  applying  (44)  to 
c — : — a fnrmnb  *  (43)  lve  obtain 


Sonine’s  first  formula. 

•/*+<»/»+«(*) 

z(*/u+i 

1  1 0 


/„(z  sin  fl)  sin'*4'1  fl  cos’41  fldfl.  (39) 
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/A„r(i) 

/•O  =  - -  Jn-\/t(8p)‘ 


V20p 


2<’,,,r(7  +  0 

Substituting  y»  sin  fl  in  (38)  and  using  (39),  we  find 


The  second  term  is 
/ 


„  - 


“  7 „  ($py)dy 


r* 


(45) 


(46) 


.  -e»r(t  +  y) 


Alt  asymptotic  expansion  of  this  integral  may  be  ob¬ 
tained  by  repeated  integration  by  parts.  In  general, 


m 


(ml  1>+l 


J»+(m/1U \(8p).  (40) 


Consider  next  the  integration  over  (1,  *  ),  which  we 
write  in  the  following  form : 


JJ8py).dy 

r 


°©‘  (J7) 

/, «.  f  /  (1-3— (l  +  v.vJ-  I)  3  >'»/»'  where  />> }.  In  principle,  one  could  carry  out  (47)  to  as 
J t  (Vi  —  jVy1  —  1/  mam  terms  as  desired.  Thus,  for  the  second  term, 


1  P  T-  it  +  1 

•=  ---  J„4-\(dp)  H - -—r: — J»<-Mp)  +  . 

dp  iflp)'  w 


main  terms  as  desired.  Thus,  for  the  second  term, 

(7,+i(dp)  7,+«(flp)'l 

^  -  +  (2..+  ll  — f 


+  o 


O' 


The  third  term  is 


(n  4-  —  ^  JJHflvivdv.  'll) 

Vf  - 

Following  the  same  reasoning  as  Iwfore.  we  expand  tin- 
term  in  the  braces  of  (4t)  in  a  scries  such  that  each  term 
can  be  integrated  and,  furthermore,  such  that  each 
term  has  successively  less  importance  for  large  dp.  In 
this  case,  the  expansion  is  in  {towers  of  f.v’-  1 1'"!  v. 

rm  *  /vy  -  i\*  7 .(dpy)dy 

“  7  I  L  M  - - )  .  „  .  ■ 

J  r  \  y  /  \/y  -  1  v 

'I'here  appears  to  Ite  no  single  integral  formula  w  hich  can  „  —  /  *  f 

be  applied  to  every  term  in  (42),  so  that  each  term  must  75  "  J  3  |  rfpJ,  y"\V  —  1 

lie  treated  se)>arately.  In  what  follows,  we  shall  work 
out  only  the  first  .'our  terms  of  the  series  obtaining  an 


fn  —  jbi  J' 


Vy*  -  I  J.($py)dy 


(48) 


(49) 


After  one  integration  by  parts  we  find 


2 »/  +  2  /  -  7„+i(dpy)  Vy’  -  1  dy 
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The  first  term  of  (50)  may  l>e  evaluated  by  me.u:>  m 
Soniue's  second  formula  (44).  Repeated  integration  by 
partr  shows  that  tin  second  term  of  (50)  is  O(Jp)  1  and 
niav  he  discarded.  I  hus, 

-■ass' . "*”(£>'•  * 

The  fourth  term  of  the  series  is 

r  *  /v1  -  1\  Jn(0py)dy 

f  Jn(0py)dy  .,  r  dJffpy)<h  „„ 

-*J,  “7 — H  >•  '  '  ’ 

We  may  apply  the  result  of  (47)  to  the  two  terms  in  (52) 
to  obtain 

.  27.,,(flp)  /1\* 


It  is  possible  to  show  that  the  next  term  in  (42)  con¬ 
tributes  only  0(/9p)-*  to  the  series.  Let  the  input  cur¬ 
rent  per  unit  angle  be  h.  Then  taking  the  first  four 
terms  of  (40),  adding  them  to  (45),  (48),  (51),  and  (55), 
and  adjusting  the  constant  of  proportionality  to  the  in¬ 
put  current,  we  find 


Mruici.t  w  ires  are  represented  hy  --  -r.  ,  |>ut  our  integral 
representation  :  17)  fails  in  this  case  which  therefore  lias 
to  i>e  considered  separately.  The  solution  is  fairly  simple 
and  give*  3  distribution  of  I/!  which  is  constant  with  p\ 
and  a  phase  velocity  equal  to  that  of  light,  as  illustrated 
on  the  graphs. 

The  phase  characteristic  i=  perhaps  the  most  interest¬ 
ing  feature  of  these  results.  For  »>0  it  consists  of  an 
inward  slow  wave  when  r  is  very  small,  changing  to  a 
fast  wave  as  r  increases,  which  becomes  infinitely  fast  at 
the  point  where  the  phase  is  a  maximum  in  Fig.  9.  Pass¬ 
ing  Itcyond  this  jxtint,  we  find  a  fast  outward  wave 
which  slows  down  to  the  velocity  of  light  when  r— »«, 
For  w<0  we  find  the  same  sequence  of  changes,  except 
that  the  direction  of  the  phase  velocity  is  reversed 
everywhere.  The  extraordinary  feature  is  that  we  now 
have  an  inward  wave  at  infinity.  At  first  sight  this 
might  appear  to  be  physically  inadmissible  because  cer¬ 
tainly  the  power  must  flow  outward  at  infinity.  How¬ 
ever.  in  this  case  we  are  not  dealing  with  the  ordinary 
radiation  field,  namely  the  field  which  varies  as  1/r,  for 
this  is  zero  on  the  antenna  when  r=«.  Indeed,  that 
stich  a  reversal  of  the  phase  velocity  is  necessary  with 
reversal  of  n  1.1.1  i*c  quickly  seen  tor  small  r  by  working 
from  the  requirement  that  the  current  along  any  in¬ 
dividual  wire  must  be  constant  in  the  quasi-static  ap¬ 
proximation.  Also,  when  r=®,  the  curvature  of  the 
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For  the  case  «  =  1,  this  expression  reduces  n 


{  —  r  /  5. 1  —  j  —  '  2 

/-wi  +  .v.^  («+  ^  )-  v 
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(10  -  2(><i'-  -  2f> ja  +  24/rt 


j  +  O(ffp)-*. 
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In  (54)  and  (55)  the  Bessel  functions  have  liccn  replaced 
bv  their  asymptotic  expansions. 

The  current  distribution  has  also  been  worked  out 
directly  front  the  integral  bv  using  a  digital  computer 
for  the  rases  a  —0.1,  0.5  and  1.0  with  n  —  I.  i  hc  results 
are  plotted  in  Figs.  8-11  (next  page).  The  salient  feature 
of  these  graphs  is  the  marked  increase  in  attenuation  of 
the  current  with  increase  in  the  curvature  of  the  spiral. 


spiral  lux-nines  negligible  and  the  waves  Iteromc  essen¬ 
tially  plane.  By  using  the  results  of  Rumsey,*  it  will  lie 
found  that  solutions  for  straight  wires  can  be  con¬ 
structed  in  which  the  phase  velocity  is  inward  on  the 
wires  but  outward  some  distance  away.  It  is  thus  pos¬ 
sible  to  see  how  the  inward  wave  on  the  antenna  is  con¬ 
nected  to  the  outward  wave  in  the  radiation  field,  and 
to  tin*  mode  of  excitation. 
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